Lesson 8.5 Exercises, pages 680-688
A

3. For each graph of y = f(x), draw vertical lines to represent the
vertical asymptotes, if they exist, of the graph of y = JTlx)

a) 7 b) y
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[y =110\
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The x-intercepts of the graph
of y = f(x) are 2 and 6. The x-intercept of the graph of
1 = f(x) is — 2. So, the graph of
So, the graph of y = — Y 1 grap
. fix) y = —— has a vertical asymptote at
has vertical asymptotes at f(x)

x=2andx = 6. xX=-2.

4. For each graph in question 3, identify the values of x for which the

graph of y = ]% is above the x-axis, and for which it is below

the x-axis.

a) Above the x-axis:2 < x < 6 b) Below the x-axis:
Below the x-axis: XeER, x # -2
x<2orx>656 Above the x-axis: never
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5. On each graph from question 3, sketch the graph of y = j%

a)

v b) y
Lol Ll L NRYEE =4 VY L
2 =T %) i )
X yfX)
5 10 ) IRHA
1, [
/ \ [
IR \ [ ]
a 1
=8
The x-axis is a horizontal ) '_ ]
asymptote. Plot points where The x-axis is a horizontal
the linesy = 1and y = —1 asymptote. Plot points where the
intersect the graph. These line y = —1 intersects the graph.
points are common to These points are common to both
both graphs. The graph of graphs. Since the graph has one
y = f(x) has vertex (4, 4), so vertical asymptote, it has Shape 2.

. 1) . _ 1
point (4, E) liesony = o)

Since the graph has 2 vertical
asymptotes, it has Shape 3.

6. Match each graph of y = f(x) to the corresponding graph of y = ]%

36

What features of the graphs did you use to make your decisions?

a)

. y b) 5 y
\
\ / X
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The graph that corresponds to graph a is graph ii. The graph of y = f(x)
in part a has 2 x-intercepts, so the graph of its reciprocal function has
2 vertical asymptotes.

The graph that corresponds to graph b is graph i. The graph of y = f(x)
in part b has no x-intercepts, so the graph of its reciprocal function has
no vertical asymptotes.
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7. How many vertical asymptotes does the graph of each reciprocal
function have? Identify the equation of each vertical asymptote.

a)

<)

. - by 1
YT+ 3y YT k= 2)(x + 6)
—(x + 3)* = 0 when (x — 2)(x + 6) = 0Owhenx = 2 or
x = —3.So, the graph of x = —6. So, the graph of
=1 =1 has 2 vertical
V="u+3y has V= 1%=2x + 6)
1 vertical asymptote, asymptotes, x = 2 and x = —6.
x = -=3.
1 1
= d - -
4 X+x—6 )y -3x — 9
X+x—6=x+3)x—2) —3x? — 9 = —3(x* + 3)
(x + 3)(x — 2) = 0 when Since x> + 3 cannot be 0, the graph
x = =3 orx = 2.50, the ofy = — 1 has no vertical
graphof y = — ' has ~3x -9
X +x—6 asymptotes.
2 vertical asymptotes, x = —3
and x = 2.

8. On the graph of each quadratic function y = f(x), sketch a graph of

the reciprocal function y = J% Identify the vertical asymptotes, if

they exist. Explain your strategies.

a)

b)
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Y The graph of y = f(x) has no x-intercepts,

4 -5 0 so the graph of y = i has no vertical

(x)

-2 asymptotes and has Shape 1.

=l Horizontal asymptote: y = 0

! Y=1(x) Points (0, —4), (—1, —5), and (1, —=5) lie on

y = f(x), so points (0, —0.25), (—1, —0.2),
ony = 1

and (1, —0.2) lieon y = o)

Y The graph of y = f(x) has 2 x-intercepts, so the
1
x)

x = =3 and x = —1, and has Shape 3.

X Horizontal asymptote: y = 0

—4 Plot points where the linesy = 1and y = —1
y= 1 intersect the graph of y = f(x). These points are
common to both graphs. The graph of y = f(x)

B

graph of y = has 2 vertical asymptotes,

—
|

has vertex (—2, —2), so point (—2, —0.5)

liesony = %
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9)

y d)
1\ /
o1\ (Imp

\ fi=i

The graph of y = f(x) has 1
X-intercept, so the graph of

= i
y= 0 has 1 vertical

asymptote, x = 3, and has
Shape 2.

Horizontal asymptote: y = 0
Plot points where the line

y = 1 intersects the graph of
y = f(x). These points are
common to both graphs.

A /
A\ y=1(x)|/
N\ /
N \ / 4
: o
A X
0 y. 4

The graph of y = f(x) has no

. 1
x-intercepts, so the graph of y = 0
has no vertical asymptotes and has
Shape 1.
Horizontal asymptote: y = 0
Points (3, 2), (1, 4), and (5, 4) lie on
y = f(x), so points (3, 0.5), (1, 0.25),

1

and (5, 0.25) lieon y = o0

9. On the graph of each reciprocal function y = ﬂ%)’ sketch a graph of
the quadratic function y = f(x).
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a)

yI= If(x 4
—10 |- -2 10
v=ga VN2
/ \ e
/ \[ T
/ \ g

The graph has one vertical
asymptote, x = —5, so the graph
of y = f(x) has vertex (-5, 0).
The line y = —1 intersects the
graph at 2 points that are
common to both graphs.

8.5 Graphing Reciprocals of Quadratic Functions—Solutions

b) [T L
A\

N

/1 o, -)

4
4

The graph has 2 vertical
asymptotes, x = —1andx = 1,
so the graph of y = f(x) has
Xx-intercepts — 1 and 1.

The point (0, —%) is on the line

of symmetry, so (0, —4) is the
vertex of y = f(x).
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10. The graphs of the reciprocal functions y = j% andy =

©P

<) B y = f(x

~
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The graph has no vertical

asymptote, so the graph of

y = f(x) has no x-intercept.

The point (—6, 1) is on the line of

symmetry, so (—6, 1) is the vertex

of y = f(x). Points (— 7, 0.5) and

(=5, 0.5) lieon y = f(x), so

points (—7, 2) and (—5, 2) lie on
1

Y=t

shown below.

i) y
X
0 p 1
R Y= k0
1° [ o
T y= fix
[ \

d) [ T ]
’ \ /
4 yE A0
) AN
Y= fa
A X
0] /

ii)

The graph has one vertical
asymptote, x = 5, so the
graph of y = f(x) has vertex
(5, 0). The liney = 1
intersects the graph at 2
points that are common to
both graphs.

1
g(x) are
v o\ F e
AN
p= N\
e N T
_\ X
-6 -4 -2 9
1N
|

a) Identify whether each function y = f(x) and y = g(x) is linear or

quadratic. How did you decide?

i) y = f(x) is quadratic. | recognize
the shape of the graph as that of

the reciprocal of a quadratic
function with 1 x-intercept.

i)

y = g(x) is linear. | recognize
the shape of the graph as
that of the reciprocal of a
linear function.

b) On the graph of each reciprocal function, sketch a graph of the
related linear or quadratic function. What strategy did you use

each time?

i) The graph has one vertical
asymptote, x = 4, so the graph
of y = f(x) has vertex (4, 0).
The line y = —1 intersects the
graph at 2 points that are
common to both graphs.
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Vertical asymptote is about
x = —1.8, so graph of
¥y = g(x) has x-intercept
—1.8. Mark points at y = 1
and y = —1 on graph of

1
Y= g0y
through these points for the
graph of y = g(x).

then draw a line
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11. Graph each pair of functions on the same grid.

40

Explain your strategies.

a)y =4(x + 2)andy = 1

4(x + 2)°

The graph of y = 4(x + 2)’ opens up, [ [T
has vertex (— 2, 0), and x-intercept —2.  y=4(x+2)? |

N

The graph of y = m has vertical

asymptote, x = —2 and horizontal o 1 Vil
asymptote y = 0. Plot points where the 4k 2 X
line y = 1 intersects the graph of —4 0 2
y = 4(x + 2)*. These points are common =+
to both graphs. The graph of the

reciprocal function has Shape 2.

N

1

b)y: —2x2—3andy=$

The graph of y = —2x*> — 3 opens down, y
with vertex (0, —3), so the graph hasno = L

1 —2x9—[3 X
—2¢ -3 ERERE t
has no vertical asymptotes; the horizontal =
asymptote is y = 0. Points (0, —3), (1, —5),
and (—1, —=5)lieony = —2x* — 3. yE 242 +3

N

x-intercepts. The graph of y =

N

So, points (0, —%) (1, —0.2), and / \

1
-2 -3
of the reciprocal function has Shape 1.

(=1, —0.2)lieony = .The graph

1

=2 —4x — 6andy = ————
)y x My = Y —ax—6

The graph of y = 2x* — 4x — 6, U v [J=l2¢Jax—6
ory = 2(x — 3)(x + 1) opensup, y
has x-intercepts 3 and —1, and
vertex (1, —8). The graph of

I
-
S

2X7—14X|— b

1 .
= ———  has vertical
y 2% —4x—6

asymptotes x = 3and x = —1,
and a horizontal asymptote y = 0. \
Plot points where the lines y = 1
and y = —1 intersect the graph
of y = 2(x — 3)(x + 1). These
points are common to both graphs.
Point (1, —8) lieson y = 2x* — 4x — 6,
-1
2 - 4x—6
The graph of the reciprocal function has
Shape 3.

T

[e-}

so point (1, —%) liesony =
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12. A quadratic function and its reciprocal are graphed on a grid. The
horizontal lines y = 1 and y = —1 do not intersect either graph.
Sketch a possible graph of the quadratic function and its reciprocal.
Explain your strategy.

If the lines y = 1and y = —1 do not \
intersect the graph of a quadratic \
function, the vertex of the graph either
lies above the line y = 1 and opens up,
or it lies below the line y = —1 and =
opens down. In either case, the graph of
the quadratic function has no x-intercepts =4 =2 |0 2|
and the graph of the corresponding =+
reciprocal function has no vertical
asymptotes. Here is the graph of
1

X+ 3

»
T

N

[N

N

N

y=x+3andy=

13. A reciprocal function has the form y = ,a#0,b#0.

ax’ + b
How can you determine the number of asymptotes of the graph

1
ofy = i bwhen:
a) both a and b are positive?

Look at the quadratic function y = ax’ + b. When both a and b are
positive, the graph opens up and its vertex is above the x-axis.
So, the graph of y = ax’ + b has no x-intercepts and the graph of

y= 21 has no vertical asymptotes.
ax"+ b

b) both a and b are negative?

Look at the quadratic function y = ax’ + b. When both a and b are
negative, the graph opens down and its vertex is below the x-axis.
So, the graph of y = ax’ + b has no x-intercepts and the graph of

_ 1
y_ax2+b

has no vertical asymptotes.

¢) a and b have opposite signs?

Look at the quadratic function y = ax’ + b.When a and b have
opposite signs, the graph either opens up with its vertex below the
x-axis, or it opens down with its vertex above the x-axis. So, the graph

has

of y = ax’ + b has 2 x-intercepts and the graph of y = !
ax* + b
2 vertical asymptotes.

©P DO NOT COPY. 8.5 Graphing Reciprocals of Quadratic Functions—Solutions 41



14.

15.

42

1

5 has one vertical
px+ (2p+ 1)x + p

The reciprocal function y =

asymptote. Show that p = —i.

If the reciprocal function has one vertical asymptote, then the related
quadratic function has one x-intercept; that is, the quadratic equation
px* + (2p + 1)x + p = 0 has equal roots.
The equation has equal roots when b*> — 4ac = 0.
Substitute:b = 2p + l,a=p,c=p

(2p + 1)* = 4(p)(p) = 0
A +4p+1-4p° =0

4p+1=0

1
P 4

Determine the values of k for which the reciprocal function
1

X+ kx + 4

a) no vertical asymptotes

y = has:

The reciprocal function has no vertical asymptotes, so the related
quadratic function has no x-intercepts; that is, x¥* + kx + 4 = 0 has no
real roots. The equation has no real roots when b*> — 4ac < 0.
Substitute:ta=1,b=k,c=4
kK — 4(1)4) <0

K -16<0

kK <16
—-4<k<4

b) one vertical asymptote

The reciprocal function has one vertical asymptote, so the related
quadratic function has one x-intercept; that is, X’ + kx + 4 = 0 has
equal roots. The equation has equal roots when b* — 4ac = 0.
Substitute:a = 1,b =k, c =4

K —41)@4) =0

K-16=0
K =16
k=4o0ork =-4

c) two vertical asymptotes

The reciprocal function has two vertical asymptotes, so the related
quadratic function has two x-intercepts; that is, x> + kx + 4 = 0
has 2 real roots. The equation has 2 real roots when b* — 4ac > 0.
Substitute:a = 1,b =k, c =4
kK> — 4(1)4) >0
K—-16>0
k* > 16
k<-—-4ork >4
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16. Determine the equation of each quadratic function y = f(x) you
graphed in question 9. Describe your strategies.

a) The graph has vertex (—5, 0) and passes through the point (-6, —1).
So, the equation has the form: y = a(x + 5)°
Substitute: x = -6,y = —1
—1=a(—-6 +5)
-1=a
The equation of the quadratic functionis y = —(x + 5)
b) The graph has vertex (0, —4) and passes through the point (1, 0).
So, the equation has the form: y = ax* — 4
Substitute:x =1,y =0
0=a(1) -4
4=a
The equation of the quadratic function is y = 4x* — 4.
¢) The graph has vertex (—6, 1) and passes through the point (-5, 2).
So, the equation has the form: y = a(x + 6)* + 1
Substitute: x = =5,y = 2
2=a(-5+ 67>+ 1
1=a
The equation of the quadratic functionis y = (x + 6)° + 1.
d) The graph has vertex (5, 0) and passes through the point (4, 1).
So, the equation has the form: y = a(x — 5)
Substitute:x = 4,y =1
1=a(4 - 5
1=a
The equation of the quadratic function is y = (x — 5)%.
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